The constraints from the measurements of the B → X s γ decay rate on the parameter space of 3-Higgs Doublet Models (3HDMs), where all the doublets have non-zero vacuum expectation values, are studied at the next-to-leading order in QCD. In order to naturally avoid the presence of flavour changing neutral currents at the tree level, we impose two softly-broken discrete Z 2 symmetries.
I. INTRODUCTION
After the 7 and 8 TeV runs of the CERN Large Hadron Collider (LHC), it has been clarified that a Higgs boson exists with a mass of about 125 GeV and that its measured properties -such as the signal strengths of various production and decay channels -are consistent with those of the Standard Model (SM) Higgs boson [1, 2] . Although this suggests the existence of an isospin doublet scalar field, there remains an open question: i.e., how many doublets are there in the actual Higgs sector?
The existence of a second Higgs doublet is strongly expected when we consider physics Beyond the SM (BSM). The most familiar example is the case of supersymmetric extensions of the SM, in which at least two Higgs doublets are required to generate all the masses of charged fermions and for anomaly cancellation [3] . In addition, extra sources of CP-violation can be obtained from Higgs sectors with a multi-doublet structure, an ingredient which is necessary to realise a successful scenario based on Electro-Weak (EW) baryogenesis [4] [5] [6] .
Furthermore, the second doublet is often introduced in models for neutrino masses [7] and dark matter [8] . Therefore, adopting a bottom-up approach while studying the phenomenology of multi-Higgs-doublet models is important in order to access BSM physics.
One of the characteristic features of extended Higgs models is the appearance of charged Higgs bosons, so that their detection can be taken as direct evidence of such structures. In particular in multi-doublet models, singly charged Higgs bosons can affect various flavour observables such as B-meson related processes. For example, B → X s γ data give a lower limit on the mass and Yukawa couplings of charged Higgs bosons. In Refs. [9] [10] [11] [12] , the Branching Ratio (BR) of B → X s γ has been calculated at the Next-to-Leading Order (NLO) in QCD in the context of 2-Higgs Doublet Models (2HDMs) with a softly-broken Z 2 symmetry. In Refs. [13, 14] the calculation has been extended to Next-to-NLO (NNLO).
From [14] , the lower limit on the mass of a charged Higgs boson m H ± is given to be about 480 GeV at 95% Confidence Level (CL) in the Type-II 2HDM when tan β, which is the ratio of the Higgs Vacuum Expectation Values (VEVs) of the two doublets, is taken to be larger than 2. In contrast, a milder bound from B → X s γ is extracted in the Type-I 2HDM, e.g., m H ± 100 and 200 GeV when tan β = 2.5 and 2, respectively [13] , with the lower bound on m H ± weakening with increasing tan β.
It is important to mention here that, in addition to Type-I and Type-II 2HDMs, the Type-X and Type-Y 2HDMs can also be defined depending on the Z 2 charge assignment [15] [16] [17] [18] and that the same bound on m H ± from B → X s γ as in the Type-II (Type-I) 2HDM is obtained in the Type-Y (Type-X) 2HDM because of the identical structure of the quark Yukawa interactions. It is then interesting to consider a light charged Higgs boson scenario with m H ± < m t − m b in which H ± states can be produced via a top quark decay (t → H ± b), a channel which is being searched for at the LHC experiments. If we consider 2HDMs, such a scenario is allowed in Type-I and Type-X for tan β 3 and it has been shown that the charged Higgs boson mainly decays into τ ν in this parameter space [15, [18] [19] [20] . However, if
we consider models with more than two Higgs doublets, one can find charged Higgs bosons decaying copiously into different final states.
In this paper, we investigate the phenomenology of charged Higgs bosons in 3-Higgs Doublet Models (3HDMs). Two softly-broken discrete Z 2 symmetries are imposed in order to realise the Natural Flavour Conserving (NFC) scenario, where only one of the three doublets couples to each type of fermion in order to avoid Flavour Changing Neutral Currents ) and more parameters determine the phenomenology of the charged Higgs sector than in 2HDMs. In Refs. [16, 19, 21, 22] , the phenomenology of H ± 1 in 3HDMs has been studied with decoupled H ± 2 in terms of effective Yukawa couplings for the downtype quark, up-type quark and charged lepton, which are expressed by a function of four independent parameters [21] in the framework of NFC. It has been shown that H ± 1 can be lighter than the top quark while satisfying constraints from B → X s γ even for the case with Type-II like Yukawa couplings. Moreover, it was shown in Refs. [16, 19, 22, 23] that the decay channel H ± 1 → cb can have a large BR (up to 80%) in a 3HDM. Although such a value is possible in the Type-Y 2HDM for m H ± < m t − m b , the constraint m H ± > 480 GeV from B → X s γ rules out this scenario. Hence a large BR(H ± 1 → cb) is a distinctive signature of 3HDMs.
However, there are some important shortcomings in the previous approach where the heavier charged Higgs boson is decoupled from the theory. If one takes the decoupling limit of the heavier charged Higgs boson, then the mixing angle between the two charged Higgs bosons asymptotically approaches zero because of the structure of the charged scalar mass matrix. Eventually, this situation makes the predictions in 3HDMs identical to those in 2HDMs. In other words, the effective coupling approach [16, 19, 21, 22] is implicitly assuming that a cancellation is occurring between the contributions of the two charged Higgs bosons to B → X s γ, and the heavier charged Higgs boson should not be too heavy in order for sufficient cancellation to occur. Thus in this paper, we clarify the 3HDM phenomenology with a non-decoupled H ± 2 and, consequently, the impact of H ± 2 on flavour physics and its typical collider signatures have not been clarified either. We compute the BR of B → X s γ at NLO in QCD in 3HDMs by taking into account both H with H ± → τ ν/cs at the Tevatron and LHC as well as pair production
We draw attention to the fact that current LHC searches for H ± do not have sensitivity to the region 80 GeV < m H ± < 90 GeV provided that H ± has a sizeable branching ratio to cs and/or cb, and LEP2 searches did not rule out the possibility of a H ± in this region. We then interface these results to the standard hadro-production mode gg,→ tbH − + c.c. discussed in [24] , where analytical formulae can be found.
This paper is organised as follows. In Sec. II, we define the 3HDMs. First, we give the Higgs potential under the two softly-broken discrete Z 2 symmetries and then we construct the Yukawa Lagrangian. Five types of Yukawa interactions are also defined. In Sec. III, we discuss the constraints on the parameter space from B → X s γ and the direct searches for charged Higgs bosons at LEP2, Tevatron and LHC. In Sec. IV, we investigate the LHC phenomenology of the charged Higgs bosons. Conclusions are given in Sec. V. In Appendix A, we present the formulae for the mass matrices of the charged, CP-odd and CP-even Higgs bosons. In Appendix B, we summarise all the SM input parameters which are used for the numerical analysis of this paper.
II. MODELS
We discuss extensions of the SM Higgs sector with three isospin doublet Higgs fields Φ i (i = 1-3), where all the Higgs fields have non-zero VEVs. In general, each of these Higgs
Type-II (+, +) (+, −) (−, +) (+, −) (+, +) (+, +) (+, +) Φ 2 Φ 1 Φ 1
Type-X (+, +) (+, −) (−, +) (+, −) (+, −) (+, +) (+, +) Φ 2 Φ 2 Φ 1
Type-Y (+, +) (+, −) (−, +) (+, −) (+, +) (+, −) (+, +) Φ 2 Φ 1 Φ 2
Type-Z (+, +) (+, −) (−, +) (+, −) (+, +) (−, +) (+, +) Φ 2 Φ 1 Φ 3 Factor forH 2 ,Ã 2 andH 
where Φ u,d,e are either Φ 1 , Φ 2 or Φ 3 .
We can naturally realise the above Lagrangian by imposing two discrete symmetries Z 2 andZ 2 on the Higgs sector. In general, we can also introduce soft-breaking Z 2 andZ 2 terms in the Higgs potential without losing the key property of the absence of FCNCs at tree level. Depending on the charge assignment of the Z 2 andZ 2 symmetries, we can define five independent types of Yukawa interactions 1 as listed in Tab. I. We note that the Type-Z corresponds to the Yukawa interaction of the 3HDM discussed in Ref. [21] which is named therein as the 'democratic 3HDM'.
The most general Higgs potential under the SU(2)
The three Higgs doublet fields can be parameterised by
where the v i 's are the VEVs of the Φ i 's with the sum rule i v
It is convenient to define the so-called Higgs basis in 3HDMs, in which only one of the three doublets contains the VEV v and the Nambu-Goldstone (NG) bosons. This can be defined by introducing the orthogonal 3 × 3 matrix R as
The R matrix is expressed in terms of the three VEVs:
where we introduced the two ratios of the VEVs as follows
Using this notation, each of the VEVs is expressed by
We note that these definitions differ from those used in Ref. [21] . In the Higgs basis, the three doublets Φ, Ψ 1 and Ψ 2 are expressed by
where 
where the mixing angles θ C and θ A are expressed in terms of the mass matrix elements for the singly charged states (M 
The squared mass eigenvalues for the singly-charged and CP-odd Higgs bosons are given by
For the CP-even states, there are three physical states, so that we need to diagonalise the 3 × 3 mass matrix to obtain the mass eigenvalues. The mass eigenstates are defined by introducing the 3 × 3 orthogonal matrix R H as
Among the three mass eigenstates, one of them must be identified as the discovered Higgs boson at the LHC with a mass of about 125 GeV, which in our case is the h state. The mass matrix for the CP-even states in the Higgs basis (h,H 1 ,H 2 ) is also given in Appendix A.
The Yukawa interaction terms can be expressed in the Higgs basis as 
= 150
GeV and θ C = −π/4. The value of tan β is taken to be 2 (5) for the solid (dotted) curves.
where I f = +1/2 (−1/2) for f = u (d, e) and V ij is the Cabibbo-Kobayashi-Maskawa (CKM) matrix element. The ratios of the matrix elements R f 2 /R f 1 and R f 3 /R f 1 (f = u, d, e) are given in Tab. II for each of the five types of Yukawa interactions. Here, it is useful to show the correspondence between the X a , Y a and Z a couplings used in Refs. [16, 19, 21, 22] and the above couplings. When we define these couplings by
we find
where s C = sin θ C and c C = cos θ C . In this paper, we particularly focus on the physics related to the charged Higgs bosons H ± 1 and H ± 2 , for which the number of relevant (new physics) parameters is five, namely,
, tan β, tan γ, and θ C .
A sixth parameter [21] , which is a complex phase δ of the mass matrix M 2 C , is set to be zero as we have already assumed the CP-invariance of the Higgs sector. 
= 250
We now show the BRs of H 
wherem u andm d are the running quark masses evaluated at the scale of the mass of the 2 There is no H We also note that there is no H . The values of all these quark masses are given in Appendix B. In the above expression, λ is the two body phase space function given by λ(x, y) = 1 + x 2 + y 2 − 2x − 2y − 2xy.
In Fig. 1 , we show the BRs of H ± 1 (upper panels) and H ± 2 (lower panels) as a function of tan γ. In these plots, we take m H ± 1 = 100 GeV, m H ± 2 = 150 GeV and θ C = −π/4. The solid and dotted curves show the case for tan β = 2 and 5, respectively. We see that, in the Type-I, Type-II and Type-X 3HDM, the decays of the charged Higgs bosons into τ ν pairs are dominant. In contrast, in the Type-Y and Type-Z 3HDM, the decay into cb can be dominant in the large tan γ region. As shown in [16, 19, 22] , the parameter space of a large BR of the cb channel corresponds to |X a | ≫ |Y a |, |Z a | (see Eq. (21) and Eq. (22)) and we have shown that this condition can only be realised in the Type-Y and Type-Z 3HDM.
We show similar plots in Fig. 2 , but we here take m H From these results, it can be seen that the charged Higgs boson decay into cb can be important in the Type-Y and Type-Z 3HDMs, especially when the charged Higgs boson masses are below the top mass. We would finally like to emphasise that the H ± 1,2 → cb decay can be a useful tool to distinguish 3HDMs from 2HDMs because of the following reason.
In practice, in the 2HDM with a softly-broken Z 2 symmetry, the H ± → cb decay can be dominant when m H ± < m t − m b and tan β 3 for the Type-Y case [18, 19] . However, such a light charged Higgs boson is excluded by the B → X s γ data. In our model, the constraint from B → X s γ is instead avoidable using a cancellation between the contributions from the loops involving H ± 1 and H ± 2 as we will clarify in the next section.
III. CONSTRAINTS FROM B → X s γ AND DIRECT SEARCHES
In this section, we first discuss the constraints on the parameter space of the five types of 3HDMs from measurements of B → X s γ. Then we move on to consider constraints from direct searches for H ± 1 and H ± 2 at colliders.
A. Flavour sector limits
We calculate the branching fraction of the radiative B → X s γ decay process at NLO in QCD. In our model, in addition to the W ± boson loop contribution, H ± 1 and H ± 2 also contribute to this process at the same perturbative level. The decay rate of B → X s γ can be written as a sum of the following three parts: i) the b quark decay process b → sγ (Γ b→sγ );
ii) the gluon bremsstrahlung process b → sγg (Γ b→sγg ); iii) non-perturbative effects due to the mesonic processes (Γ non-pert. ). Thus,
The first and the second contribution depend on the new physics parameters such as the charged Higgs boson masses and their couplings to quarks, while the third contribution does not. The decay rates Γ b→sγ and Γ b→sγg are calculated using the Wilson coefficients at a scale
where i = 1, . . . 8 while X a and Y a (a = 1, 2) are given in Eqs. (18) and (19) . We note that the results of the 2HDMs can be reproduced by taking the limit of
The latter holds due to the sum rule:
The structure of the quark Yukawa couplings are the same in Type-II, Type-Y and Type-Z 3HDMs and so the same bound from B → X s γ applies equally to these three models.
Likewise, the bound from B → X s γ applies equally to the Type-I and Type-X 3HDMs. To obtain Γ b→sγ and Γ b→sγg , we set the scale µ appearing in Eq. (24) the semi-leptonic decay of the B meson, we can express the BR of the B → X s γ process as
The measured value of the BR is given [32] as coupling product X 1 Y * 1 with θ C → 0 appearing in the Wilson coefficient is equal to unity in the Type-II 2HDM. Consequently, in Type-I, a severe lower limit on m H ± is only obtained for small values of tan β, with the bound being about m H ± > 1 TeV with tan β = 1. In Type-II, when tan β 2, we obtain m H ± 450 GeV independently of tan β 3 .
Next, we show the numerical results of BR(B → X s γ) in 3HDMs. In Fig. 4 , the m H 
= 80
GeV, these two results are almost the same. We note that BR(B → X s γ) does not depend on tan γ in the Type-I 3HDM, because tan γ is not entering the quark Yukawa couplings as shown in Tab. II. We also note that the prediction in the Type-I 3HDM does not depend on the sign of θ C . we take a larger value of tan γ. This tendency becomes more evident with larger mass differences. As a result, we can find that cases where both charged Higgs boson masses of O(100) GeV are allowed by taking appropriate values for tan γ and their mass difference.
We here comment on the constraint on the parameter space from the other observables in flavour physics according to Ref. [21] . We note that the constraints discussed in Ref. [21] are based on a 3HDM with H ± 2 decoupled, so that we cannot simply apply them to our case. In the following, we apply these constraints to get the limit on each of the couplings for H 100 GeV at 95% CL,
under |X a | < 50 (a = 1, 2). This can be easily avoided by taking tan β 1 for m H 
This gives an important constraint on the parameters only in the Type-II 3HDM, because both X 1 and Z 1 are enhanced by increasing tan β and tan γ. For example, tan γ 22 (11) is excluded when tan β = 2 (5), m H ± 1 = 100 GeV and θ C = −π/4. We checked that all these above constraints are satisfied in the numerical analysis presented in the succeeding sections.
B. Collider limits
As discussed in the previous subsection, in 3HDMs, we can take the charged Higgs boson masses to be O(100) GeV without conflict with the B → X s γ data. In this subsection we discuss this scenario at the LHC as a hallmark manifestation of a 3HDM, particularly for the Type-Y and Type-Z cases, because the characteristic decay of the charged Higgs bosons
When we consider the case for m H ± 1,2 < m t − m b , we need to take into account the constraints from direct searches for H ± states from the top quark decay t → H ± b at the LHC. In Ref. [33] , ATLAS carried out a search for the decay H ± → τ ν using the data taken with 8 TeV of collision energy and 19.5 fb −1 of integrated luminosity. From the non-observation of an excess above the SM prediction, the 95% CL lower limit on BR(t →
has been given to be between 0.23% and 1.3% in the range 80 GeV < m H ± < 160 GeV. Similar limits are derived in the CMS search in [34] . The search for H ± with decay into cs has also been performed in [35] by CMS using 8 TeV data and 19.7 fb
of integrated luminosity. The 95% CL lower limit on BR(t → H ± b) × BR(H ± → cs) has been given to be between 1.2% and 6.5% in the range 90 GeV < m H ± < 160 GeV. Similar constraints are obtained from the ATLAS search for H ± → cs in [36] . We note that there is a local excess of 2.4σ around m H ± = 150 GeV in the CMS search in [35] , with a best-fit branching fraction of t → H ± b = 1.2 ± 0.2%, assuming BR(H ± → cs) = 100%.
In order to estimate the bound from these LHC direct searches in our 3HDMs, we require the following conditions as the strongest bound of which meaning is explained below:
a=1,2
where these constraints can be applied to the case of 90 GeV < m H ± 1,2 < 160 GeV. Regarding the second equation, we include the cb mode because no flavour tagging was employed in
Ref. [35] , see also [22, 37] . We note that the two charged Higgs boson contributions should not be summed if the mass difference between H ± 1 and H ± 2 is taken to be larger than the detector resolution. If we do not sum these two contributions, then we should get a milder bound than that obtained from Eqs. (31) and (32) . Thus, the meaning of "strongest bound" is choosing the strongest limit on the product of two branching fractions (the top decay and the charged Higgs boson decay) in the given mass range and summing two charged Higgs boson contributions.
In Fig. 6 , we show the allowed parameter space on the m H , is excluded by definition. It is seen that the constraint from H ± 1,2 →′ becomes stronger as compared to that from H ± 1,2 → τ ν when we take a larger value of tan γ, because of the enhancement of BR(H ± 1,2 → cb/cs), as we already saw in Fig. 1 . Consequently, the case with m H In Fig. 7 , we also show a similar plot for the Type-Z 3HDM, where the constraint from B → X s γ is exactly the same as that in the Type-Y 3HDM because of the same structure of the quark Yukawa couplings. The difference can be seen in the relative strength of the constraint from Eqs. (31) and (32) space because no sensitivity exists in this mass region. This is because the background from t → W ± b is overwhelming in this region and the invariant mass cut on the jets originating from H ± would lose its effect of greatly suppressing the background when m H ± is close to m W . However, searches for H ± from LEP2 and the Tevatron have some sensitivity to this region of charged Higgs boson mass between 80 GeV and 90 GeV and we include these bounds in our analysis. In Ref. [38] , the excluded region in the m H ± -BR(H ± → τ ν) plane has been given by using the combined LEP2 data from all four experiments. If we take m H < 90 GeV. We note that the results of the LEP2 search in Ref. [38] show that there are some regions of BR(H is no region satisfying all the constraints mentioned above. In contrast, we can find allowed regions in the Type-Y case, namely, when 4 tan γ 6 and tan β < 10-18.
IV. PHENOMENOLOGY OF 3HDM CHARGED HIGGS BOSONS AT THE LHC
The collider phenomenology of a charged Higgs boson can be classified into two regimes depending on its mass m H ± : (i) m H ± < m t − m b (light) and (ii) m H ± > m t − m b (heavy).
For case (i), charged Higgs bosons can be produced via the top quark decay, so that the main production process at the LHC is gg,→ tt → H + bt (see Fig. 9 ). For case (ii), the main production mode is the top quark associated process, i.e., gb → H ± t + c.c. As intimated, See Fig. 9 , we will use the gg → tbH − + c.c. subprocess (at LO) in our Monte
Carlo (MC) analysis, which captures both (i) (limited to the gg channel) and (ii) as well as their interference, which is important in the threshold region m H ± ∼ m t − m b [40, 41] . (In fact, we will also be emulating the subleading contribution from→ tbH − + c.c.) Recall that, on the one hand, in the narrow width approximation of the top quark one has that σ(gg,→ tbH − ) ≡ σ(gg,→ tt) × BR(t →bH − ) (limited to the diagrams in which the H − is emitted by the t antiquark) and, on the other hand, the b-quark in the initial state comes from a gluon splitting inside the proton, as explained in [40, 41] . where the di-jet system jj is tagged through a single b-tag, as recommended in [22] . We remind the reader here that applying such a b-tag would improve sensitivity to H ± 1,2 → cb decays greatly, as the background from W → cb has a very small rate. This is made explicit by choosing a b-tagging efficiency ǫ b = 0.5, a c-quark mistagging rate ǫ c = 0.1 and a light quark (u, d, s) mistagging rate ǫ j = 0.01. It follows that the estimate gain in sensitivity with respect to the case in which the di-jet system is untagged is then: Fig. 10 shows the di-jet mass distribution for S and B at 13 TeV in terms of cross section for BM1, BM4 and BM6. Even before enforcing any selection cuts, it is clear the LHC potential in accessing these peculiar 3HDM signatures during Run 2. Two caveats should be borne in mind here though. On the one hand, we have not allowed for full combinatorial effects in the di-jet mass reconstruction, as we have assumed that each of the three b-jets present in the final state can be correctly assigned to its parent heavy particle (i.e., t,t and
On the other hand, BM1, BM4 and BM6 are the very best points for our purposes, those with highest BR, while one really ought to test the entire parameter space of 3HDMs TeV. Tagging efficiencies are included as described in the text. CTEQ(4L) with Q = µ = √ŝ is used [42] .
sampled over the inputs θ C , tan β, tan γ, m H ± 1
and m H ± 2
. Nonetheless, we believe that the very peculiar H ± 1,2 mass patterns that we have discussed deserve further investigation in presence of parton shower, hadronisation, jet reconstruction and detector effects [43] .
Finally, we briefly comment on the phenomenology of the additional neutral Higgs bosons H 1,2 and A 1,2 in the 3HDMs. When we consider the case with the masses of H ± 1,2 to be O(100) GeV, the neutral Higgs bosons cannot be so heavy due to the constraints from electroweak precision observables such as the S and T parameters [44] and from perturbative unitarity [30] . If we consider the case where these neutral Higgs bosons are heavier than the charged Higgs bosons, then there are no additional decay modes of the charged Higgs bosons beyond those shown in this paper. However, in this case, the decay channels (17)- (19) . These cascade decay channels would be additional production modes of H ± 1,2 beyond those studied in this section, although they would require a separate signal-background study in order to assess the detection prospects.
V. CONCLUSIONS
We have discussed the phenomenology of charged Higgs bosons in fully active 3HDMs with two softly-broken discrete Z 2 symmetries which are imposed to avoid FCNCs at tree level. Under these Z 2 symmetries, we have defined five types of Yukawa interactions. We have then shown that the decay branching fractions of H We then have calculated the branching fraction of the B → X s γ process at NLO in QCD in 3HDMs in order to confirm how the cancellation takes place numerically. We found that it happens especially in the Type-II, Type-Y and Type-Z 3HDMs when there is a non-zero mixing and a mass difference between H ± 1 and H ± 2 . In the Type-I and Type-X 3HDMs, the numerical values of BR(B → X s γ) are not much different from the predictions in Type-I and Type-X 2HDMs.
We also have taken into account the constraints from direct searches at the LHC of than for the CMS search for t → H + b, H + → cs in Ref. [35] with the same data sample.
This result explicitly shows the increase in sensitivity that can be obtained by tagging a third b quark.
